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">"• Reliability oaoers, technical reports, and textbooks almost univer-

sally document the derivation of availability equations for two unit full-

on parallel redundant systems with the assumption of "multiple repair"

crews or facilities. Multiple repair is the case where there are as many

repair crews available as there are possible units to fail. Some reli-

ability literature also derive the availability equations for two-unit

standby redundant systems with the multiple repair assumption. Literature,

is scarce, however, for two unit full-on and standby oarallel systems with

sinqle repair capability (i.e. only one repair crew is available and hence,

failed units can only be repaired one at a time); it is virtually non-

existent with respect to models of systems made uo of more than two

redundant units.

This paper documents the derivation of availability models for two

unit and three unit full-on and standby parallel systems with sinqle repair

capabilities. Also included are derivations for three unit full-on and

standby systems with sinqle and multiple repair capabilitv.In all cases,

each unit will be assumed to have a failure rate = \ and a rpoair rat.

Case 1: The system consists of two units both fully operational whenever

possible and has sinqle repair caoability. The system is caoable of

performing its mission when only one unit is operational. There are three

possible states for the system to he in at any Qiven time:

- .spccr,, , '
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State 2 - both units operating

1 - one of the units has failed, other unit operating

0 - both units have failed.

Using a Markovian approach and letting P2(t I, Pl(t) , and POtW renresent

the probability of being in states 2, 1, and 0 respectively at time t

yields:

P 2(t+At) = P 2(t) (1-2NAt) + Pi(t)pat

P 1(t+At) = P 2(t) (2xAt) + Pl(t) (1-(x+g±)At' + P (th±~t

P (+A) P1(t) (NAt) + P 0(W (1-"~t)

Expanding and rearranging terms using the definition of a derivative:

P 2(t) 3 -2NP 2(t). + 11 Pl(t)

S1 (t)2NP 2 (t') -(N+P) P 1(t) +' gp. 0 (t)

P 2(0) = 1, P1(0) =0 =P 0 (0) Assume all units operative at t0O
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(S+2X) P2(S$ - PI (SI 1

2 2 - (S+x+V) PI(SI + P P0 (S = 0

- k PI(S) + (S+R) Po(S) 0

Solving these simultaneous equations for Po results in:

212

P (S) _ _ _ __ _ _ _ _ _

S(S 2 + S(3X+2;L + (2X2 + 9NA + P2,

The denominator must first be factored and then partial fraction expansion

accomplished to put the equation in a form to find the inverse Laplace

transform.

This yields:

2N2 where SI, S? : -(3\+9p) +
2 = 2

Po0(S) = S(S-S 1lWS-S 2 1 and are the roots of S2+S(3\+24)+(?X2+21.L+g)

2\2 1 1 + 1

Sl(S 2 -Sl)S-Sl S -S(-S)
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Findinq the inverse'transform Yields:

Sl S 2 S1(S2-S.1) 22 )

- 2X 2  (S 2-SO - 5~eS it + SieS2t

S1S 2(S 2-S1) Se2

So availability then is:

A = 1-P0(t) S 1 S2(S 2-Sl) - 2X2 [IS 2 -S S 2 eS it + spSPe~' ]
S, IS 2S2-S1 )

Si S1S2-2\- + 9x [S,,eSlt - SleS51tJ

S 1 S 2S 15 2is 2-S1'

= 2\pA + L + 2ý2 [S2eSlt S l~eS2 tJ

2 2 1S (S 2-S '
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Case 2: The system consists of two units with one unit oPeratina and one in

a standby state and has single repair capability. When a failure occurs,

perfect switching is assumed to connect the standby unit and system

operation is not affected. The standby unit is assumed to have a failure

r.ate equal to 0, the operating unit is assumed to have a failure rate equal

to X. A unit under repair is assumed to have a repair rate = L. The three

possible states are the same as in Case 1.

Equations of state:

P2 (t+At) = P2 (t) (l-Ut) + Pl(t)gAt

P1 (t÷At) = P2 (t) %At + Pl(t) (l-(X4÷'At) + Po(t)gAt

P0 (t+At) = PI(t)xAt + P (t) (l-gAt)

2 -\P 2 (t) + 0P1(t)

PV(t) \P2 (t) - (X+glPl(t) + IP o(t)

P0 (t) V P1(t) - P(t)

5



Taking Laplace-transforms:

(S+X) P 2(S)~ g Pl(S) =1

:. P2(S) - (S+.X+R P1(S) + R. P 0(S

-XP1(S) + (S+;,) P (S) 0
0*

Solution for P 0(S) after solving the above equation set simultaneouslyv:

A2 where Sl, S 2  + ~~

P 0(S) S(S-S 1 (S-S 2' These are the roots of S2StAg)X AL 2

Having the denominator factored enables- Partial fraction expansion and

hence finding the inverse transform.

The Inverse transform of the above results in:

S2S1- 'S 2e S It + eS2t

P 0 (t)

S 1 2 (S S2 -S 1.
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Availability:

A(t) l.-Po(t) 2 + ,2 [s 2eSlt" SleS2ti

x2+X+I2 S1S2 (S22-SI

For three unit systems, there are 4 oossible states:

3 - all units operable

2 - 2 units operable, 1 unit failed

1 - 1 unit operable, 2 units failed

0 - all units failed

Case 3: Three different three unit systems will be investiqated.

Three unit full-on parallel operation with sinqle repair.

State Equations:

P3 (t+At) = P3 (t)(l-3N•t) + P2't~gIt

P 2(t+&t) = PP3(t) 3\At + P2 (t)(l-(21.÷)At) + Pl(tlgAt

Pl(t+At) = P2 (t) 2'At + Pl(t)(l-(\÷g¾At) + P (t¾.±~t

Po0(t÷At) = Pl1 t) N•t + Po0tW(l-ýLt)
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P3 (t) = -3N P3(t) + ý± P2(t)

P2 (t) = 3N P3 (t) - (2x+gl P2 (t) + . P1(t)

Pl(t) = 2P(t - (X+p) Pl(t) + p. Po(t)

ot) % Pl(t) - POWt)

Taking Laplace Transforms:

(S+3,) P3 (S) - p P2 (S) 1 1

3X P3 (S) - (S+2X+p) P2 (S) + p PI(S) = 0

2\ P2 (S) - (S+\+x4) PI (S + g Po(S) = 0

\ PI(S) - (S+p.) Po(S) = 0

Simultaneous Solution of the above for P (S) results in:0

P0 (S) _-6_ 3 where S1, S2, S3 are roots of

S(S-S 1) )(S-S 2 )(S-S 3 )

3+2 2 2 3+, 2+3+2
S S(6\+30. + S( Ili. +91IL+3K' + (6\ 4+L 6



To find values for SI, S2 , and S3 note the cubic equation !s of the form:

S3 + pS 2 + qS + r = 0

Where: p 6X + 3p.

q MI2 + 9g + 3g2

r6X3 + 6\ 2 + 3g2 + 3

Substitutinq (x - p/3) for S reduces the equation to:

3
x + ax + b = 0

Where: a =,1/3 (3q-p2

b = 1/27 (2p3 - 9pq + 27r)

2 a3
Since b-+ a < 0 there are 3 distinct real roots.

Determine the value of the Q in the expression cos 9 -b 9 2 27

The roots xl, x2, x3 will have the values: x, 2 -a cos 9
3 3



S= 2 cos +

3 / Lr-4 ]

S11 S2, S3 are then calculated from:

S1  : Xl Tp

S2 = x2 "3

S3 x T

The inverse transform for P0 is:

Pot l = 6X3 x

Sit Spt S t
Vs S-)(S2S '-SS(SS-S )e + SiS 3 Si-S 3( e. _S(S 1 -S,)e

Sis2S Si-S 3 "(SI- 2V$2- S3
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Availability:

A(tI - 1 - P t

9 3+3x42+0gI. +

9 3+3 Xg 2+6\2w'+6 X'

6X 3[S S (S2 S )eli - S s (s1-S3'
2  + S1 2 S-S )e S3  ]

P1 2ttt P 3(t 1- 3 1t -2( . 2- 3

P3 (t+At) = P 3(t)(13\At)+ 2+ tg

2 tA)= p(ý3A P (t)(l-(?\+$iAt) + p (t)2?jt

p 1(t+At) = 2t 2\tAt + P 1(t)(l-(\+2Ki)t) + P0(t)34At



P 0 +\ It At + P0 W(t 1-3LAt')

P 3(t) = -3N 3\ t + ILP

P (V3XP 3(t') -(2N+,.L) P2(t) +2. 1 t

P1(t) 2N P2(t (X+20. Pi(t) + 3IýL P 0(t)

P0(t) = kP 1(t) -3jL P O(t)

Taking Laplace Transforms:

(S+.3x) P 3(S) - 2. =S 1.

3% P 3( S) - S+2\+p.) P 2(S) + 2p. P1(s') 0

2\ P2(S) -(S+\+2p.0 P1(S) + 3p. P 0 (S 0

P I (S) -(S+3p.) P (Si) =0
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Simultaneous Solution of the above for P (S):

-6 3

Po(S) -

S(hS-Se1 (S-S 2)(S-S3 2

'Where Sl, $2 S3 are roots of S3 + S2 (6\+6ý0+SMll(\+2 )+6(1.+-03

S1 -(\ + •

S 2 : -2(X) + •

S3  -3(X +0)

"The Inverse transform is the same as for Case 3 except for the values of

Sl, S2 , and S3 . Availability then is:

A(t) = 1 - P (t)

: 3 +3X 2 +

6X3[ 2 S3 (S2-S 3)e - SIS 3 (SI-S 3 )e S + SIS2 S(-S 2 )e

SIS 2 S3 (S1 -S3)(SI-S 2 ) (S2-S3•
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Derivations for the standby parallel system sinQle or multiple reoair arp

found in the same manner as above.

The results are:

Case 5: 3 unit standby with single repair:

A(t)

3 + 2+ 2 +

g 3 +xg 2+ý2g+X3

x3 S2 S3 (S2 -Si)et - S2 t + SSS2it]

SI S2 S3('lSI-2"'1S-$3••$2-S3)

Where SI, S2, S3 are roots of S3 +S2 (3\+31)+S03( 2 +4ýI•+314 +(ý,3+\2+14+-+3)

Si : + =

S2,S 3  : -(\ + •1 + 2
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Case 6: Three unit standby with multiple reoair:

= 6g3+6\•2+3X2

6. 3 +6\4 2 +3X24+\
3

X3 [S2S3tS2-S3 e StS3(SIS3)e . + SI2 SISt2 1

Where SIS2',s3 are roots of S3 +S2 (3%+6g)+S(3\ 2 +9N4+ll 2 '1+3+3\ 2 +6•g2+643)

To find values for Sl, S2 , and S3 note the cubic eauation is of the form:

S3 +.oS2 + aS + r 0

Where: p 3X + 6g

q D'3•.2 + 94 + ll42

r •3 + 3D2 4+ 6ý2 + 6 3

15



Substituting (x - p/3) for S reduces the equation to:

x3+ ax + b 0

Where: a 1/3 (3q-p2

b : 1/27 (2P 3 - 9pq + 27r)

Since b.2+ a < 0 there are 3 distinct real roots.
4 27

3
Determine the value of the 9 in the exoression cos § : -b 2

27

The roots xl, , x x3 will have the values: x, 2 MIcosQ
"3 3

x 2 a Cos[ + 1

x 2 cos [9+ 4T

Sl, S2, S3 are then calculated from:

21 3

: 3 3

16



Documentation for the derivation of all the availability equations for

redundant systems listed in Section 10 of MIL-HDBK-338, Electronic Reli-

ability Design Handbook, could not be found. The above derivations were

accomplished to correct this deficiency and to check the accuracy of those

equations.

L7



MIJSSIONV
Of

Rome Air Development Center
RAVC ptan~s and execute~ A4eae~czh, devetopmen~t, -Ce's
and 4etec-ted acqi4-Ltion pP~ogtam4 i.n 4uppo4t o6

*Command, Cont~Aot, CommunLc~ation4 and In.teZZigetc~e
(C31) aclivitiu. 'rec~hvtUaE and eng.ine.eting

ESV P',togam 066ices5 (POs) and o~thetESV eZementC6
t~o pe't.oam e66ec-C-ive aqui~sti.on o6 C31 syte4

7eakea.s o6 tecknic~aZ c~ompetCenc~e incede
communict~c.ioyt4, command and con-tkoZ, batt~Cee

*managementC, in6olLmati1on ptoce~ssing, svveiZan-c~e
6en~sot,s, i.nCetZ~igence datCa cote~e~cton and handZ.Ln9 ,

* 5c'Zid stCate s~ciences, eecLmgeis and
r,'%opaga-C~1on, and etectCtonic, mai~ntainabitityc,
an~d conmpatbitity~.


